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INSTRUCTIONS
(to be read aloud to class by supervisor or proctor)

Do as many problems as you can in the 100 minutes allotted. When
the proctor requests you to stop, please cease work immediately
and turn in your answer sheet,

Essentially all of the problems require some figuring. Do not
be hasty in your judgments. For each problem you should work
out ideas on scratch paper before selecting the answer.

Your score on the test will be the number right. You are advised
to guess an answer in those cases where you cannot determine the
right answer but are able to eliminate some of the alternatives

as impossible,

Usually a score of 15 or more will allow you to become a finalist
and write the second exam. To improve your score, be careful to
complete all problems which you can do successfully before working
on the other problems. Several questions, distributed throughout
the test, can be answered by using only the first two years of
high school mathematics.

Your answer sheet will be graded by machine. Please read and
follow carefully the instructions printed on the sheet. Do not
make calculations on the answer sheet.

In each of the questions five different possible responses are
proposed, In many cases the fifth alternative is listed "E
none of the above”. 1In such cases if you believe none of the
first four alternatives to be correct, mark E.

The person supervising this test is not permitted to explain to
you the meaning of any question, so do not request your supervisor
to break the rules of the competition. If you have questions con-
cerning the instructions ask them now.




1. Simplify 1
' 2

+ 1
2 + 1
2 + 1
2 + 1
2 + L
2
70 29 3 31
(a) 169 (b) ETo) (c) El (4) 2_6

(e) none of the above

2. If A, B, and C are all subsets of S such that

A DODBDC, then

(a) AN (B yC) c (k) AUu(BNC) =B

A (d) Aan (B UC BU(ANCo

(¢) (A NB) UC

(e) none of the above

3. If N is an integer such that 3N is a multiple of

7, then N is
(a) multiple of 21 (b) a multiple of 7

(c) odd (d) even {(e) none of the above

4. If x and y satisfy the simultaneous equations

3 3
(a) 135 (b) 17 (c) -17 (4) -108

% +%=7anda £+ % = 5 , then x2 - y2 =
(e) none of the above
5. Which one of the following numbers is a perfect square?

(a) 156,250,003 (b) 155,226,682 (c) 154,728,728

(d) 150,160,517 (e) 149,352,841




6. Which one of the following factorizations is incorrect?

4 4
(a) x + x2y2 +y = (x2+xy+y2)(X2—XY+Y2)

(b) x5 + X+ 1= (x2+x+1)(x3-x2+1)

6 6 2 4 22 4
(c) x~ + ¥y =(X+y2)(x-xy+y)

(4) x3 + y3 + 23 - 3xyz = (x+y+z)(x2+y2+z2-2xy-2yz-2zx)

4
(e) x8 + 4y8 = (x4+2x2y2+2y4)(x4—2x2y2+2y )

7. If the sum of the roots of the quadratic equation
ax2 + bx + ¢ = 0 is 1, then
(a) a 2 b (b) a and b must be of the same sign
(c) a2 and b must be of opposite sign (d) ¢ 20

(e) none of the above

8. The asterisks in the incomplete multiplication below
denote missing digits,

1*46
X *5

6730
107*8
114410

The sum of the three missing digits is (a) 10 (b) 11

(c) 12 (d) 13 (e) none of the above

9. Log8128 =
(a) 2 (b) 4 (c) 7/3 (d) an irrational number

(e) none of the above




10. What is the length of a side of the largest cube which
can be cut out of a sphere of radius 3 ft?
(a) 3,2 ft, (b) 7 ft. (¢) 7./3 ft.
(d) 2\/3 ft. (e) none of the above

11. A glass is half full of pure alcohol and another glass
twice the volume is one third full. Both glasses are

then filled to the top with water and mixed together.

What is the fraction of alcohol in the resulting mixture?

(a) 5/6 (b) 5/12 (c) 7/18 (@) 7/12

(e) none of the above

12, Which one of the following statements is false?

(a) In the complex number field, every number has
at least one square root.

(b) The product of two rational numbers is a
rational number,

(c) The sum of two irrational numbers is an irrational
number,

(d) Every non-constant polynomial with complex
coefficients has at least one root in the
complex number field.

(e) The real cube root of a positive irrational real
number is irrational.

13. The equation 4%71 4 42 _ 5(2x) has

(a) no real solutions (b) exactly one real solution

(c) exactly two real solutions
(d) an infinite number of real solutions

(e) none of the above




. 1 1 _ 3x-8
14. The equation 3t %2 T (%=3) (x-2) has
(a) no roots (b) exactly one root (c) exactly two roots
(8) exactly three roots (e) none of the above

15. The expression
(2.3 +,/10) (7 /6 - 4) (2,/3 - /I0) can be simplified to
(a) 14,6 - 8 (b) 7.6 -8
(¢) a,/3+b,/2+ ¢c /30 +d where a,b,c, and d are integers.
(d) a,/3+b,/6 + c,/10 + & where a,b,c, and d are non-
Zero integers.

(e) none of the above

16, If a and b denote positive integers such that

a < b, then the proper order of ,/a +,/b, ,/a-1 +,/b+1,

and ,/a+l +,/b-1 is
() /a +/b s,/a-1 + /B +1 <./a+1 + ,/b-1
(b) va-1 + /b+1 < /a + /b s /a+l +,/b-1
(¢) va-1 + /b+1 < ,/a+l +,/b-1 < ,/a + /D
(@) Va+l +/b-1 < /a + /b s,/a-1 +,/b+1
(e) Va+l + /b-1 < /a-1 + /b+l < /a +,/b

17. The remainder when dividing 1 + 2x + 3x2 ++--+ nx
by (x-1) is
(a) O (b) 1 (¢) n (d) n(n+l) /2

(e) none of the above




18. If n > 1 is an integer, and if d(n) is the number
of positive integers which exactly divide n, then
the infinite sequence n, d(n), d(d(n)), 4(d(d(n)))---

(a) is strictly decreasing

(b) is 1 from some point onwards

(c) is 2 from some point onwards

(d) cannot decrease strictly to the 7th term and then
remain constant from there on

(e) none of the above

cO8 X

. o o ;o 1-8in x _
19. For which angles x between 0° and 180° is cos % = T+sin x ?
(a) x = 0° only (b) x = 0° and 30° only
(c) all angles (d) all angles except 90°

(e) none of the above
20, Relative to the equation: xz = 2y2
(a) there is a solution in positive integers
(b) there is a solution in positive rational numbers
(c) there is no solution in rational numbers

(d) if (xl,yl) is a solution, and x, # O, then

1l
either x, or y1 is an irrational number.

(e) none of the above

21. The graphs of y = |x| and y = x2 have
(a) exactly one point in common
(b) exactly two points in common
(c) exactly three points in common
(d) exactly four points in common

(e) none of the above




22,

23,

24,

25,

How many diagonals are there in a regular polygon of
20 sides?
(a) 340 (b) 176 (c) 170 (d) more than 340

(e) none of the above

If a rhombus has side length 1, the sum of the squares
of the lengths of the diagonals

(a) = 4 (b) < 4

(c) can not be determined from the information given

(@) = 2,/2 (e) none of the above

If A denotes the area of a triangle of base 2 and
perimeter 8, then
(a) o <A =2,/2 () 1 <A <2,/2 (c) O<A <2

(d) 2 <A <2,2 (e) none of the above

If x 1is a real number satisfying the inequality

Ix + lx-lll + |x| < 3, then x must satisfy

() 0 s x <1 (b) x 20 (¢c) 0 sx < 2/3
(d) -1 <= x < 4/3 (e) none of the above
. 1
26. The expression T equals

1 -

—1 1
2 2 2 -,/2

+ \/‘ \/‘ ﬁ
(a) v2 -1 (b) 2 +1 () -1-2 (@)—5—

(e) none of the above




27.

28,

29,

30.

31.

100
X =3x+2 X7-3%x+2

where P(x) is a polynomial, then the remainder

ax+b 1is
1
(a) 219% 4 1 - 5100 ) (21%0-1yx + 5 - 100
(c¢) 2x - 1 (d) not determinable from the given data

(e) none of the above

Find the diameter of the inscribed circle to a triangle
whose sides are 6, 8, and 10 ft. respectively,
(a) 5 ft. (b) 2.3 ft, (c) 4 ft, (d) 3 ft.

(e) none of the above

The number of positive integers < 100 having exactly
four (distinct positive integral) divisors is
(a) < 10 (b) > 10 and < 20 (c) 26 (d) 32

(e) none of the above

The number of zeros that the number 1001! = 1-2-3-::1000-1001
ends in when completely multiplied out is
(a) 100 (b) 110 (c) 113 (d) > 200

(e) none of the above

If F(x,y) = 2x2 + 3y2 - 4, then F(z,2z) - F(2z,z) =

(a) 322 (b) -3z2 (c) 3z2-4 (@) 3z2_g

(e) none of the above




32, 1f 0 1 sin x
cos x o] sin X = 1, then one solution is
cos X 1 0 given by x =
(a) 90° (b) 30° (c) 60° (d) 4s5° (e) 75°
33. The sum of the infinite series 1 + 1 + L S S —1
: 1.2 2+3 3:4 n(n+1)
is
3 7 3
(a) 3 (b) 2 (e) 1 (@) 3

(e) none of the above

34. Each face of a cube is colored either red or blue.
How many distinct colorings of the cube are possible
independent of orientation? (For example, there is only
one way to color the cube such that one face is red and
the remaining faces are blue).
(a) 6 (b) 8 (c) 10 (d) 12

(e) none of the above

35, The real solution set for the inequality |x+l| < |x| + 2
is
(a) x <O ) x =20 (c) x = 10 (d) all real x

{e) none of the above

36. The minimum degree of a polynomial with integer coeffi-
cients having /3 +.,/2 + i as a root is
(a) 3 (b) 6 (c) 8 (d) 9

(e) none of the above




37. (m,n) and [m,n] denote the greatest common divisor
and least common multiple of the integers m,n, respect-

ively. If for three positive integers a,b,c.

(a,b) = 6, [a,b] = 180
(b,c) = 30, [b,e] = 90,
(c,a) = 6, [c,a] = 60,
then abc
(a) is < 6.6-30 (b) is > 60-.-90.180 (c) = 32,400

(d) cannot be determined from the given data

(e) none of the above

38. Let y = F(x) be a real-valued function of x (real). 1If
x2F(x) + 2x2 = 8 + F(x), what interval is excluded as
possible values of F(x)?

(a) -8 <= y < =2 (b) -8 <y < =2 (c) no interval

(d) vy >o0 (e) none of the above

n .
V. IEP= (1437 @+3Y) @a3h 14384 37D
then for n > 10,000
3 4 3

(a) 3> P > 3 (b) 2 >pP >-5 (c) 4 >pP >2

(d) 5 >pP > 4 (e) P >5

40. A three digit number in base 7 equals the reversed
three digit number in base 9, The sum of the three
digits in base 9
(a) is not uniquely determined (b) =8 (c¢) = 11

(d) = 16 (e) none of the above
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